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A fully spectral, polynomial chaos method for the propagation of uncertainty in numerical simulations of com-
pressible, turbulent flow is described. The method is applied to the flow in a quasi-one-dimensional nozzle. Results
demonstrate the ability of the method to propagate accurately the uncertainty throughout the entire numerical
field. Comparison and validation were made with the reference Monte Carlo method. An exact method and an
approximate method for the computation of inner products are also discussed in terms of efficiency and number
of operations required.

Introduction

A N admittedly small but nevertheless noticeably accelerating
trend within the computational fluid dynamics (CFD) commu-

nity is changing the vision of computational aerodynamics from one
of producing a solution as accurately as possible to one of producing
a solution with acceptable uncertainty bounds. Most of the effort of
the traditional CFD community has been focused on discretization
error and turbulence modeling error. Some of the early advocates of
a broader perspective on CFD uncertainty were Mehta,1 Roache,2

Coleman and Stern,3 and Oberkampf and Blottner.4 In the past half-
dozen years, there have been several events that have served to
increase awareness of the broader perspective on CFD uncertainty:
1) the publication of the AIAA guidelines on the verification and
validation for CFD,5 2) the Drag Prediction Workshop sponsored
by the AIAA Applied Aerodynamics Technical Committee,6 and
3) the pair of sessions on CFD uncertainty at the January 2003
AIAA Aerospace Sciences Meeting.7−19 (Links to all of the pre-
sentations at the Drag Prediction workshop are available at URL:
http://ad-www.larc.nasa.gov/tsab/cfdlarc/aiaa-dpw/.) The work of
Oberkampf et al.20 and Oberkampf and Trucano21 is especially no-
table for proposing a framework for characterization of uncertain-
ties. Walters and Huyse22 have provided a tutorial on uncertainty
methods aimed at a CFD audience. Luckring et al.10 have presented
a comprehensive vision for approaching computational aerodynam-
ics uncertainty. (Their choice of title is noteworthy in that their vision
is not confined to Euler and Navier–Stokes methods but embraces
the use of simpler aerodynamic models.) Zang et al.23 have out-
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lined the needs and opportunities for uncertainty quantification and
optimization under uncertainty research for aerospace applications.

Some, but by no means all, of the uncertainties affecting CFD
are reasonably described in probabilistic terms. (See Oberkampf
et al.24 for a general mathematical framework for describing un-
certainties.) Our focus in this work is on stochastic methods for
quantifying those uncertainties which can be described by probabil-
ity density functions (PDFs). A fundamental task for these methods
is to propagate prescribed uncertainty distributions on the input pa-
rameters, for example, boundary conditions, or code parameters, for
example, turbulence modeling coefficients, through the CFD code
to the output field variables and ultimately to the relevant output
functionals of the simulation. Standard sampling techniques, such
as Monte Carlo, are exact methods for accounting for this type of
uncertainty quantification in the sense that they do not require any
approximations of the CFD analysis nor any assumptions on the
input PDFs. Moreover, sampling techniques provide the full set
of output statistics, albeit with obvious limitations on accuracy re-
lated to the number of samples. However, standard Monte Carlo
is clearly intractable for large CFD problems because it easily re-
quires thousands of simulations for meaningful results. Although
more sophisticated sampling techniques such as importance sam-
pling and Latin hypercube sampling are well established, we are
unaware of any attempts yet to use these for CFD applications. Cao
et al.25 have recently presented a nonstandard variance reduction
technique that exploits sensitivity derivatives. They demonstrated
that it reduces the sampling requirements by at least one order of
magnitude on an aircraft wing structural application. This approach
seems ideally suited to CFD applications with a large number of
input uncertainty variables provided that the CFD code can produce
efficient sensitivity derivatives.

The moment methods are an efficient approximate approach.
They involve expanding the variables of the problem in terms of
Taylor series around their mean value (see Ref. 26). This technique
allows for a quick estimation of the low-order statistics but requires
at a minimum an efficient procedure for computing first-order sen-
sitivity derivatives.

In this paper, we explore the use of a stochastic PDE approach,
that is, adding one or more stochastic variables to the deterministic
CFD equations, as an alternative to sampling techniques.

Le Maı̂tre et al.,27,28 Xiu et al.,29 and Xiu and Karniadakis30,31 pi-
oneered the stochastic PDE approach to uncertainty quantification
for CFD. Both approaches are based on the homogeneous chaos
expansions introduced by Wiener32 and extended and applied ex-
tensively by Ghanem and Spanos33 and Ghanem34 for stochastic
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PDE solutions to structural problems. Xiu and Karniadakis30 ex-
tended this polynomial chaos (PC) expansion method to a wide
variety of basis functions for the stochastic component. Le Maı̂tre
et al.27,28 applied the PC concept to a microchannel and cavity flow,
whereas Debusschere et al. used it to quantify the uncertainty of
protein labeling reactions.35 Xiu and Karniadakis31 demonstrated
the PC method to incompressible flow in a channel and flow past
a circular cylinder. Walters and Huyse22 include PC examples in
their tutorial, and Walters14 has explained how to deal correctly
with the grid movement terms necessary to compute the effects of
geometric uncertainties in PC applications. Our contribution here
is the extension of the CFD PC approach to include a two-equation
turbulence model. The demonstration of the method is given for a
quasi-one-dimensional nozzle flow.

Stochastic PDE Fundamentals
The basic idea of the PC approach is to project the random vari-

ables of the problem onto a stochastic space spanned by a set of
complete orthogonal polynomials � that are functions of a random
variable ξ(θ), where θ is a random event. The terms of the polyno-
mial are functions of ξ(θ) and are, thus, functionals. Many types of
random variables can be used: For example, ξ(θ) can be a Gaussian
variable associated with Hermite polynomials. See Dunford and
Schwartz36 for more background on this theory.

More specifically, let u be a random variable defined as a mapping
from a probability space P into R. The probability space is defined
by P = (�; �; µ) with � the set of events, � a σ algebra, and µ
the probability measure.

The original form of PC was restricted to expansions in Her-
mite polynomials. Xiu and Karniadakis30 applied this concept to
expansions in terms of Askey polynomials, for example, Laguerre
polynomials for random variables with a Gamma distribution, and
Jacobi polynomials for beta distributions. Obviously, the conver-
gence rate, and, thus, the number of terms in the expansion required
for a given accuracy, depends both on the random process to be
approximated and on the choice of expansion functions.

We confine ourselves to Hermite expansions in the present work.
Cameron and Martin37 have shown that this expansion converges
to any L2 functionnal in the L2 sense. Thus, it provides a mean to
express a second-order random process, that is, with a finite second-
order moment. When this approach is used, each dependent variable
of the problem is expanded as, for example, for the velocity u,

u(x, t, θ) =
∞∑

i = 0

ui (x, t)�i [ξ(θ)] (1)

For practical simulations, the series has to be truncated to a finite
number of terms, hereafter denoted NPC. This framework remains
valid also for multiple random variables, including uncorrelated or
partially correlated random variables. In that case, the dependent
variables of the problem are functions of several independent ran-
dom variables and ξ is now a vector. The expression for the multi-
dimensional Hermite polynomial or order n, Hn , is

Hn

(
ξi1 , . . . , ξin

) = (−1)ne
1
2 ξT ξ ∂n

∂ξi1 . . . ∂ξin

e− 1
2 ξT ξ (2)

As discussed by Ghanem and Spanos,33 there is a one-to-one
correspondence between Hn(ξ) and �i (ξ). The general expression
for the PC is given by

u(x, t, θ) =
NPC∑

i = 0

ui (x, t)�i [ξ(θ)] (3)

with the number of terms NPC determined from

NPC + 1 = (npc + ppc)!

npc!ppc!
(4)

where ppc is the order of the expansion and npc the dimensionality
of the chaos, that is, the number of independent random variables.
(Note that the dimensionality of the chaos is not the same as the

number of physical dimensions of the problem.) It follows that NPC

grows very quickly with the dimension of the chaos and the order
of the expansion.

In the case of the Hermite polynomials, the zeroth-order term
represents the mean value and the first-order term the Gaussian
part, whereas higher orders account for non-Gaussian contributions.
Spectral coefficients are determined using a Galerkin projection onto
the stochastic basis. This inner product in the stochastic space is
expressed as

〈 f1(ξ) f2(ξ)〉 =
∫ ∞

−∞
f1(ξ) f2(ξ)w(ξ) dξ (5)

where the weight function w(ξ) is the npc-dimensional normal
distribution

w(ξ) = [
1
/√

(2π)npc
]
e− 1

2 ξT ξ (6)

In the L2 norm, we, thus, get

〈�i� j 〉 = 〈
�2

i

〉
δi j (7)

where δ is the Kronecker operator. The statistics of any order for
a variable or set of variables can be determined from their PC
expansions.30

Let us consider now the task of computing the PC expansion of
the product of two random variables a and b, which are given as PC
expansions with NPC terms. The Galerkin projection scheme yields
for the expansion coefficients of the product ab:

(ab)k =
NPC∑

i = 0

NPC∑

j = 0

ai b j 〈�i� j�k〉, ∀k ∈ [0; NPC] ⊂ N (8)

When it is assumed that the terms 〈�i� j�k〉 have been precom-
puted and stored, the evaluation of the sum (8) takes 3(NPC + 1)3

operations (two multiplications and one addition for each term in
the sum). The complexity becomes even greater for higher-order
products. In particular, to compute the expansion coefficients of a
Qth-order product takes 3(NPC + 1)Q + 1 operations.

An alternative approach is to resort to numerical quadrature in
lieu of the analytical summation used in the Galerkin projection.
The inner product (5) may then be approximated by

〈 f1(ξ) f2(ξ)〉 	
M∑

l = 1

f1(ξl) f2(ξl)w(ξl) (9)

where M is the number of Gauss–Hermite quadrature points that
are utilized. Such a quadrature rule is exact for all polynomials of
degree 2M or less.

The quadrature-based evaluation of the coefficients for the ab
product is now expressed as

(ab)k 	
M∑

l = 1

{[ NPC∑

i = 0

ai�i (ξl)

][ NPC∑

i = 0

bi�i (ξl)

]
�k(ξl)w(ξl)

}

∀k ∈ [0; NPC] ⊂ N (10)

where ξ is now assumed to be a scalar (one stochastic dimension)
and in the present case the integrand is a polynomial of degree 3NPC

or less. Therefore, taking M ≥ 3
2 NPC produces an exact evaluation

of the PC coefficients of the product ab.
Computing the NPC coefficients via sum (10) requires

4M(NPC + 1)(NPC + 2) operations. More generally, let us denote by
Q the dimensionality of the nonlinear term that is to be evaluated.
To leading order, the Galerkin approach takes 3(NPC + 1)Q + 1 oper-
ations, whereas the quadrature approach takes 2QM(NPC + 1)2 op-
erations. Using the quadrature approach with M = [(Q + 1)/2]NPC
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Fig. 1 Isocontours of the relative cost of the exact over the quadrature
rule for a Q-dimensional product of NPCth order.

yields the exact solution to the expansion coefficients of the Qth-
order product in order Q(Q + 1)NPC(NPC + 1)2 operations. Of
course, one could also just use M = NPC at the cost of errors in
the quadrature rule.

Figure 1 shows the relative cost of the exact method compared to
the quadrature rule as a function of the nonlinearity of the problem
Q and the order of PC expansion NPC.

In the case of a second-order, two-dimensional PC expansion as
considered in this paper, we have NPC = 5, and according to the result
from Fig. 1, the quadrature method requires fewer operations than
the exact method for nonlinear terms of order higher than two. More
generally, the higher the nonlinearity order and/or the number of
terms retained in the PC expansion, the faster the quadrature method
is compared to the exact method. The quadrature method is, thus,
most appropriate for highly nonlinear equations with a relatively
large number of independent random variables.

Here, the most complex (and slowest to compute) terms are in-
volved in the ε equation and lead to Q = 7 (see the Appendix).
Because the CPU time requirement is not an issue in the current pa-
per, the more exact integral expression was used for the stochastic
inner products throughout the study.

In the next section, we furnish the governing equations and uncer-
tainty description for a quasi-one-dimensional nozzle. The subse-
quent section covers the discretization procedures. The fifth section
presents representative results for quasi-one-dimensional nozzle
flow using PC.

Stochastic Quasi-One-Dimensional Nozzle Flow
As a first step in evaluating the stochastic PDE approach to un-

certainty quantification for compressible, turbulent flow, the PC
technique is applied to a quasi-one-dimensional nozzle flow. The
physics of the phenomena involved in a nozzle flow are well under-
stood, and the configuration is simple enough to allow focusing on
the stochastic treatment rather than on numerical problems, making
this configuration an appropriate choice. Mathelin and Hussaini38

presented initial results for inviscid quasi-one-dimensional nozzle
flow using PC, and Mathelin et al.39 presented a more extensive dis-
cussion of the inviscid flow application. Here, we add both viscosity
and a two-equation turbulence model to explore the issues in extend-
ing this methodology to the full three-dimensional, compressible,
Reynolds-averaged Navier–Stokes equations.

Laminar Equations
The equations for laminar, viscous, quasi-one-dimensional nozzle

flow in conservative form are

Qt + Fx = S (11)

where

Q =




ρ A

ρu A

ρE A





F =





ρu A

3 − γ

2
ρu2 A + (γ − 1)ρE A −

(
4

3
µ

)
A

∂u

∂x

γρuE A − γ − 1

2
ρu3 A − (γ − 1)M̄

R
(λ)A

∂

∂x

(
E − u2

2

)





S =





0

(γ − 1)

[
ρE − ρu2

2

]
∂ A

∂x

0



 (12)

where ρ is the density, u the velocity, A the nozzle cross-section
area, E the total energy, γ the specific heat ratio (γ = 1.4 for di-
atomic gas), µ the laminar dynamic viscosity, λ the laminar thermal
diffusivity, R the ideal gas constant, and M̄ the fluid molar mass. The
static pressure P has been removed from the equations by making
use of

E = [P/(γ − 1)ρ] + 1
2 u2 (13)

Turbulence Equations
The turbulence model considered here is the standard two-

equation k–ε model. The reasons for that choice are that considering
the geometry and the quasi-one-dimensional assumption, there is
no need for a sophisticated turbulence model. Meanwhile, the k–ε
model has features that also allow us to study the impact of uncer-
tainty in the model coefficients (Cµ, Cε1 , and Cε2 ) on the simulated
field behavior and characteristics.

The second and third components of F in Eq. (12) are modified
by replacing the ( 4

3 µ) term by

(
4
3 µ + 2ρνt

)
(14)

and the term λ by

[λ + ρ(νt/Prt )] (15)

respectively, where νt is the turbulent kinematic viscosity and the
turbulent Prandtl number Prt = µt/λt is assumed constant.

To these must be added the k–ε model equations, which reduce
to

∂

∂x
(ρuk A) = ∂

∂x

[
ρ A

(
ν + νt

σk

)
∂k

∂x

]
+ 2ρνt A

(
∂u

∂x

)2

− ρε A

∂

∂x
(ρuε A) = ∂

∂x

[
ρ A

(
ν + νt

σε

)
∂ε

∂x j

]

+ 2Cε1

ε

k
ρνt A

(
∂u

∂x

)2

− Cε2ρ
ε2

k
A (16)

for the steady state. Here, k is the turbulent kinetic energy, and ε is
the turbulent dissipation rate. The turbulent viscosity coefficient is
defined by

νt = Cµ(k2/ε) (17)
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The standard values of the turbulence model coefficients are
Cε1 = 1.44, Cε2 = 1.92, Cµ = 0.09, σk = 1.0, and σε = 1.3.

Nozzle Geometry Uncertainty Description
One source of uncertainty is in the nozzle shape, due to unavoid-

able manufacturing variability. Let A(x) be Gaussian and partially
correlated along the x direction following the autocorrelation func-
tion given by

CAA(x1, x2) = σ 2
A exp(−|x1 − x2|/b) (18)

where b is the correlation length and σ 2
A the associated variance. The

Karhunen–Loeve decomposition is used to represent this first-order
Markovian process in the standard manner. Indeed, when the struc-
ture of the covariance function CAA is known and characterized, the
Karhunen–Loeve decomposition is the most effective representa-
tion of the random process. The Karhunen–Loeve expansion relies
on the decomposition of the process onto a basis spanned by its
eigenfunctions. Specifically, CAA can be represented by

CAA(x1, x2) =
∞∑

i = 0

λi fi (x1) fi (x2) (19)

where λi are the eigenvalues and fi the eigenfunctions of the co-
variance kernel determined from the eigenvalues problem

∫

�A

CAA(x1, x2) fi (x2) dx2 = λi fi (x1) (20)

A can, thus, be expressed as

A(x) = ū +
∞∑

i = 1

ξi (θ)
√

λi fi (x) (21)

See Ghanem and Spanos33 for more details on the Karhunen–Loeve
expansion for this particular problem.

Test Problem
The problem studied here is that of a supersonic diverging noz-

zle, as shown in Fig. 2. The inflow conditions are a Mach number
of 1.2, a 1-atm static pressure, and unit density. The nozzle starts
at x = 0.3 m and ends at x = 5.5 m. Uncertainty is considered to
arise from nozzle geometry, inlet boundary conditions (pressure,
velocity, and density), and turbulence model coefficients. Here, we
consider b = 20 m and σA = 0.05 m2 as describing the nozzle vari-
ability in Eq. (18). Because of the rapid decay of the eigenvalues of
the Karhunen–Loeve expansion for this set of parameters, only the
first two eigenfunctions are retained in the expansion that describes

Fig. 2 Nozzle cross-sectional shape along the streamwise distance x;
flow from left to right.

Fig. 3 Stochastic cross-sectional area PDF along the nozzle; PDF not
normalized.

the nozzle geometry uncertainty. The resulting fuzzy cross section
area is plotted in Fig. 3.

For turbulent flow, the additional inflow conditions are k =
253 m2 · s−2 (5% turbulence intensity) and ε = 11,500 m2 · s−3. The
mean value (from the turbulence point of view) results for turbulent
flow are indistinguishable graphically from those for the inviscid
flow.

Discretization
Physical Space

The quasi-one-dimensional equations are discretized using the
spectral element method combined with a fourth-order Runge–Kutta
scheme in time. This spatial discretization is consistent with the
spectral expansion involved in the PC technique.

For simplicity, we will discuss only the inviscid problem in detail.
The laminar version of Eq. (12) is projected onto a spectral and
stochastic basis and the Galerkin technique is applied. The spectral
space is spanned by Chebyshev polynomials on the nodal points (in
local coordinates x̄ ∈ [−1; 1]):

x̄n = cos(πn/N ), ∀n ∈ [0; N ] ⊂ N (22)

where N is the number of points within each element.
The interpolants of variables, for example, u, in spectral space

read as

u(x̄, t) =
N∑

n = 0

un(t)hn(x̄) (23)

where

hn(x̄) = 2

N

N∑

m = 0

1

c̄n c̄m
Tm(x̄n)Tm(x̄) (24)

with Tm the Chebyshev polynomials and c̄i such as

c̄i = 2, i ∈ {0; N } ⊂ N (25)

c̄i = 1, i ∈]0; N [⊂ N (26)

Polynomial Chaos
Similarly, in the stochastic space,

u(x, t, θ) =
NPC∑

i = 0

ui (x, t)�i [ξ(θ)] (27)

The following equation for the flux component of the momen-
tum equation illustrates the computational complexity of the
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discretization for just the inviscid problem:

∂ F2

∂x
=

NPC∑

i = 0

NPC∑

j = 0

NPC∑

k = 0

NPC∑

r = 0

N∑

n = 0

N∑

m = 0

N∑

o = 0

3 − γ

2
ρi,nu j,muk,o〈�i� j�k�r�l〉

×
{

(hn, hm, ho, h p)
∂ Ak

∂x
Ak

[(
∂hn

∂x
, hm, ho, h p

)

+
(

hn,
∂hm

∂x
, ho, h p

)
+

(
hn, hm,

∂ho

∂x
, h p

)]}

+ (γ − 1)

NPC∑

i = 0

NPC∑

j = 0

NPC∑

k = 0

N∑

n = 0

N∑

m = 0

ρi,n E j,m

×〈�i� j�k�l〉
{

(hn, hm, h p)
∂ Ak

∂x

+ Ak

[(
∂hn

∂x
, hm, h p

)
+

(
hn,

∂hm

∂x
, h p

)]}
(28)

The scalar products in the spectral space are defined by, for ex-
ample, for (hn, hm, ho),

(hn, hm, ho) =
∫ 1

−1

hn(x̄)hm(x̄)ho(x̄) dx̄

= 8

N 3

N∑

a = 0

N∑

b = 0

N∑

c = 0

Ta(x̄n)Tb(x̄m)Tc(x̄o)

c̄a c̄bc̄cc̄n c̄m c̄o

×
∫ 1

−1

Ta(x̄)Tb(x̄)Tc(x̄) dx̄ (29)

In the stochastic space, we have for a two-dimensional PC, for ex-
ample 〈�i� j�k�l〉,

〈�i� j�k�l〉 = 1√
(2π)2

∫ ∞

−∞

∫ ∞

−∞
�i� j�k�l e

− 1
2 ξT ξ dξ

The full equations for the inviscid problem are available in Ref. 40.
The nonlinearity in the inviscid momentum flux results in a seven-
dimensional summation in Eq. (28). Four of these sums are due to the
PC expansion and would remain even for a simple finite difference
spatial discretization.

The equations for the turbulence quantities νt , k, and ε are given
in the Appendix in Eqs. (A3–A5).

Sample Results
Deterministic Part

The equations were first solved deterministically for verification
of the numerical accuracy of the deterministic part of the code. The
distribution along the nozzle of the mean values of the dependent
variables, normalized with respect to their inlet value, is plotted in
Fig. 4. The flow is from left to right. As the fluid flows along the
diverging nozzle, the pressure and density decrease while the veloc-
ity and total energy increase. This behavior is fully consistent with
the expected evolution of supersonic diverging flows. Computations
were made with 61 points along the nozzle (30 elements with 3
points per element). Tests were conducted increasing the number of
both the elements and the points per element up to a total of 321 (80
elements with 5 points per element). No appreciable difference was
found, and the coarse grid was, thus, retained for CPU time economy.

Because this paper is not intended to provide any quantitative
results, no further test was conducted into the deterministic part.

PC Validation
The PC approach was first compared to Monte Carlo (MC) sim-

ulations for the inviscid problem. The method used here is the reg-
ular MC method and does not take advantage of any accelerating

Fig. 4 Normalized flow variables mean value distribution along the
nozzle.

a) Density

b) Velocity

Fig. 5 Nozzle outlet PDF (not normalized) for pressure and fluid ve-
locity, one-dimensional, second order: ——, PC vs . . . . , MC.

technique. All of the inlet conditions are set Gaussian and fully cor-
related. The cross-sectional area is here assumed deterministic. MC
simulations are carried with over 9 million independent samples,
whereas the PC is one-dimensional, second order, that is, there is
one independent random variable and second-order Hermite poly-
nomial expansions are used.

Figure 5 shows the comparison between the PDFs obtained from
the MC and PC techniques for the density and velocity at the outlet of
the nozzle. The density (and pressure) PDF remains approximately
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Gaussian at the nozzle exit, whereas the velocity PDF becomes
skewed due to nonlinearity in the Euler equations. It can be seen
that an excellent agreement between the two techniques is achieved,
especially for the pressure where the two curves almost match. For
the velocity, the agreement is very good except in the left tail region,
indicating the need for higher order in the PC expansion to improve
the approximation. Indeed, the MC PDF remains smooth for lower
values of u, whereas the PC PDF shows a sharp stiff left tail. Mean-
while, this example clearly demonstrates the ability of the PC tech-
nique to propagate accurately uncertainty throughout the flow, even
with a very limited number of terms in the expansion (three terms
in this case). Considering the difference in the CPU time required
(1.7 × 106 s for MC and 70 s for PC), the speed-up ratio is approxi-
mately 24,000, hence making the PC a much more effective alterna-
tive to the MC technique for this case. The cost of a single inviscid
computation using one-dimensional, second-order PC takes roughly
13 times longer than a single inviscid, deterministic solution.

Two-Dimensional Stochastic Simulations
When the random variables of the problem considered are de-

coupled or, at most, only partially correlated, the stochastic process
must be described using several independent random variables ξ .
To illustrate this more general problem, a two-dimensional, second-
order PC inviscid simulation is reported in this section. The inlet
pressure and velocity are both assumed uncertain with no correla-
tion while the inlet density is considered to be deterministic. In-
let pressure uncertainty is spanned along the stochastic dimension
ξ1 while velocity uncertainty is spanned along dimension ξ2. The
nozzle shape A is assumed uncertain as well and is expanded in
a two-dimensional Karhunen–Loeve series. All variables are now
expanded in six terms within the stochastic space.

a) Velocity–pressure covariance

b) Velocity–density covariance

Fig. 6 Distribution of the covariance field throughout the nozzle.

a) Turbulent kinetic energy

b) Turbulent dissipation rate

Fig. 7 Distribution of the deviation of the turbulence quantities along
the nozzle due to uncertainty in different variables.

In Fig. 6, the covariance distribution is plotted for u − P and
u − ρ. Because all variables are set independent at the inlet, the
covariance is zero at that point for all combinations. Downstream,
coupling effects spread the uncertainty across the different variables,
and the covariance evolves toward a steady state near the outlet of
the nozzle.

Turbulence Simulation
Four separate viscous, turbulent cases have been run. In each case

the PC is one-dimensional, second order. In each case the relevant
variable is assumed Gaussian: 1) the inlet velocity uinlet has a mean
value of 450 m · s−1 with a 10 m · s−1 standard deviation, 2) the
coefficient Cµ has a mean of 0.09 with a 10% standard deviation
(=0.009), 3) the coefficient Cε1 has a mean of 1.44 with a 0.1 stan-
dard deviation, and 4) the coefficient Cε2 has a mean of 1.92 with a
0.1 standard deviation.

The effects of these uncertainties on the mean values of ρ, u, and
P are negligible. A more noticeable effect is on the deviation of
the turbulent flow variables k and ε from their deterministic values.
These are shown in Fig. 7. The inlet velocity uncertainty affects the
turbulent kinetic energy and the turbulent dissipation rate to about
the same extent. The uncertainty in the modeling parameter Cε1

has its greatest effect on the turbulent dissipation rate, whereas the
parameter Cµ has a strong effect on the turbulent kinetic energy.
The uncertainty in the modeling parameter Cε2 has a much smaller
effect than the uncertainties in the other three quantities.

Conclusions
In this paper, a PC approach, together with a spectral element

method, was used to simulate the supersonic flow through a diverg-
ing nozzle in a quasi-one-dimensional approximation and to propa-
gate the uncertainty thoughout the entire numerical field. Compar-
ison with an MC simulation demonstrated its potential in terms of
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ability and accuracy. However, this method performs poorly with
high nonlinearities and cannot easily handle certain forms of equa-
tions (involving geometric or hypergeometric terms, for example)
and other methods, such as the stochastic collocation method,39,40

may be more suitable for thoses cases.

Appendix: Spectral and Stochastic Expressions
for Inner Products and the k–ε Model

The equations to follow give the full Galerkin PC expressions
for νt , k, and ε, and a representative scalar product in the spectral
space. In the stochastic space, we have for a two-dimensional PC,
for example,

〈�a�b�c�d�e〉 = 1√
(2π)2

∫ ∞

−∞

∫ ∞

−∞
�a�b�c�d�e e− 1

2 ξT ξ dξ

(A1)

Typical inner product:(
hi ,
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∂ x̄
,
∂hl

∂ x̄
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)
=

∫ 1

−1
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,
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The ν t expression is
N∑

i = 0

N∑

j = 0

Npc∑

a = 0

Npc∑

b = 0

νi,aε j,b〈�a�b�p〉(hi , h j , hk)

=
N∑

i = 0

N∑

j = 0

Npc∑

a = 0

Npc∑

b = 0

Npc∑

c = 0

Cµcki,ak j,b〈�a�b�c�p〉(hi , h j , hk)

(A3)
The k expression is
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The ε expression is
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